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NODYCON 2021 Context: Sound synthesis

Bowed string dynamics: Nonlinear dynamical system with self-oscillations due to an
alternance between stick and slip phases!.

Source: https://www.youtube.com/watch?v=6JeyiMOYNo4 (ViolinBOW)

'Willemsen, S.,Bilbao, S., Serafin, S. (2019). Real-time implementation of an elasto-plastic friction
model applied to stiff strings using finite-difference schemes. 22nd International Conference on Digital
Audio>Effects. )




NODYCON 2021 Problem Statement

Aims
» Sound synthesis of a resonator with nonlinear interaction

» Ensure power balance and therefore computation stability

Framework: Port Hamiltonian Systems (PHS)

» PHS formulation
» Modularity: inteconnexion of several PHS is a PHS

> Passive guaranteed simulation (stability)
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NODYCON 2021

Port Hamiltonian Systems

Friction models

Application to a bowed string
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NODYCON 2021 Port-Hamiltonian Systems

» Energy storing components: (energy)
E=Y) e >0
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NODYCON 2021 Port-Hamiltonian Systems

» Energy storing components: (energy)
E=N_e, >0
» Dissipative components: (dissipated power)

PD:Z:\'n/I:ldmzo
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NODYCON 2021 Port-Hamiltonian Systems

» Energy storing components: (energy)
E=N e, >0

» Dissipative components: (dissipated power)
Po=5M d,>0

» External sources: (external power)

P
PEXt = Zp:l SP
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NODYCON 2021 Port-Hamiltonian Systems

Energy storing components:
E=YN e, >0

(energy)

» Dissipative components: (dissipated power)
Po=5M d,>0

» External sources: (external power)
Pext = 25:1 Sp

» Conservatives connections (power balance)
% = —Pp + Pext
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NODYCON 2021 Port-Hamiltonian Systems

» Energy storing components: (energy)
N
E = H(x) = S0 Hn(on) > 0
» Dissipative components: (dissipated power)

M
Pp = z(w)Tw = > _1 Zm(Wm) Wm > 0
(effort x flow: force x velocity, tension X current, etc)

» External sources: (external power)
_ T, _\P
Pext =u'y = szl Upyp
» Conservatives connections (power balance)

0=VH)T & +z(w)"w—uTy
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NODYCON 2021 Port-Hamiltonian Systems

» Energy storing components: (energy)
N
E = H(x) = S0 Hn(on) > 0
» Dissipative components: (dissipated power)

M
Pp = z(w)Tw = > _1 zm(Wm) Wm > 0
(effort x flow: force x velocity, tension X current, etc)

» External sources: (external power)
T P
Pext =u'y = szl UpYyp
» Conservatives connections (power balance)
_ Td T T
0=VH(x)" §+z(w) w—u'y
Port Hamiltonian Formulation Power balance
dx
at VH(x)
w | =S| z(w)
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NODYCON 2021 Port-Hamiltonian Systems

» Energy storing components: (energy)
N
E = H(x) =>_p—1 Hn(xn) 2 0
» Dissipative components: (dissipated power)

M
Pp =z(w)Tw =301 Zm(Wm) Wm > 0
(effort x flow: force X velocity, tension X current, etc)

» External sources: (external power)
P
Pext = UTy = Zp:l Upyp
» Conservatives connections (power balance)
0=VH(x)" % +z(w)Tw—u'-y
Port Hamiltonian Formulation Power balance
dx
w =S. Z(W) — ATSA
Ty u
if S=-ST
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NODYCON 2021 Example: The string model

Linear string model?

%9(¢.t) 106 5 ole 9L (g(&, 1), v(, 1))
FEn || uee O |7 % P (g€, 1), v(§, 1))
Ws(ga t) 0 i 0 0 Zb(VVS(£7 t))
AGD) 0 L |00 &)
with
@ OHg —

» For the storing components: 9e = Tog and G2 = uv
» For the dissipating components: wy = v and zs (wgs(§, t)) = av
» For the power source: ug(&,t) = —f(&,t) and ys(&, t) = v(§, t)

2Villegas J.A., A port-Hamiltonian approach to distributed paremeter systems, PhD thesis,
WUniversity of Twente, 2007. 5



NODYCON 2021 The bowed string

Friction model with two external ports

Control port with imposed velocity v. and f;_,. the force exerted by the interaction.

Interaction port with string velocity vs and f;_,s the force exerted on the string.

Power emitted thought the ports : u’y = fi_,svs + fi_scVe.

01/12/2021
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NODYCON 2021 Dupont friction model

Friction model
The interaction forces depend on the relative velocity vie = ve — V.

Elastoplastic friction model
The relative velocity is decomposed as vy = Ve + v}, with:
» Internal elastic state x, associated with velocity v, = x. and
potential energy he(x.) = chxg — storing component (reversible)

» Plastic behavior with associated velocity v;, —dissipative component (irreversible)

01/12/2021



NODYCON 2021 Dupont friction model

» Includes a compliance damping o and a fluid damping o¢.

> |s given as an implicit relation

dxe
fins = kexe +0c dXt + Of Vel 1
dxe = Vgl (1 _ IVreI‘O‘(Xeerel)keXe) ( )

dt Vrel fss ( Vrel )

where the steady state friction force (Stribeck curve) is defined by:

2
fss(Vrel) = :e <fC + (fS - fC)eXp <_ <t§> )) ) (2)

and a(xe, Viel) € (0,1) is an adhesion map (shown next slide).

3Dupont, P., Hayward, V., Armstrong, B., Altpeter, F. (2002). Single state elastoplastic friction
models:2lEEE Transactions on automatic control, 47(5), 787-792. 9



NODYCON 2021 Adhesion map

Dissipation relative to the plastic behaviour:

0 if sign(xe) # sign(veer)s
o) = 0 i sign(e) Ssign(a). el < o,
e A(Xe, vre1) i sign(xe) = sign(vre1),  Xba < [Xel < Xss(Vrel)s
1 if  sign(xe) = sign(vre1),  Xss(Wrel) < Ixel,

(3)

~ where for xp < |Xe| < xss(Wre1):

= 1 x| — (%)
: a(Xe,Vyol) = = |1 +sin |7 ——r>— =~ .4
- 2 xss(Vrel) = Xba
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NODYCON 2021 PHS Formulation

Choosing the dissipation variables

Wrel = Vil = Xe t+ Vp,

Wp = keXe = . (o),
the Dupont model of friction reads:

{ﬁ'—)s = keXe + (Uc + Uf)Wrel — Oc rLu(Wrel) Wp

at = Vrel — rpu(Xe, Wrel)va

aXey Wrer) weetl .

Where rDu(Xea Wre/) fss(Wrel)

01/12/2021 11



NODYCON 2021 PHS formulation

The PHS formulation of the Dupont model of friction is then

S 0] 0 —-1]-1 +1 he(xe)

Wrel 0 0 0]—-1 +1 Zrcl( Wrel, Wp, Xe)

Wp = +1 0 0 0 0 Zp(Wrelv Wp, XC) 5 (6)
fiiss +1|{+1 0] 0 O Vs

fie ~1/-1 0| 0 0 Ve

with dissipation variables w = (w;e], Wy )T, dissipation function z(w; x.) = R(w; x.) w

where ( )
Oc+ 0f —0crpylXe, Wrel
R P Xe) = Cc u ) e — 0
(W x ) ( 0 rDu(Xea Wrel) ) B
Remark: (i) the dissipated power is wTz(w; xe) > 0, Vx.. (ii) Generic model (Dalh for
..., Lugre for ...)

01/12/2021 12



NODYCON 2021 PHS of the bowed string

The finite dimensional model used for the simulations is obtained by

1. Projecting the PHS of the string on the modal basis e, (&) = %sin(”—’zé),

2. Connecting the ouptput of the string (velocity) to the input of the interaction
model and the output of the interaction model (force) to the input of the string.

0 1 0 0 0 0
4@ (1) nK ToD?
g =1 =1 =1 =1 0D Q(t)
%/5(,:) 7k 0 —SE(Es) | T lk  EB) 0 wP(t)
e 0 2ET(sR) 0 0 o -1 -1 bl (xe)
w. | = 0 Tik 0 0 0 0] o aP(t) . (7)
Wyel 0 AET(éB) 0 0 0 0 _1 Zrel (Wrel s Wp.?xe)
w, H Zp (Wrels Wp; Xe)
— o 0 +1 0 [ EE—
fime 0 0 T1 0 1 0 ¢

where ET(€) = (e1(&)ex(€) . .. ex(€)) and &g denotes the position of the bow along
the string.
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NODYCON 2021 Time discretisation

(i) Time derivative— Euler explicit

dl(t)w x(k+1) —x(k) _ déx
at+’ " T o
where T is the discrete time step.

(i) Gradient VH(x) — the discrete gradient*

H(x + 6x) — H(x) (Lx

VaH(x,x + 6x) =

dx T
In the case of a linear system (quadratic hamiltonian: H = %XTQX), this is:
ox(k
VaH(x,x + 6x) =Q (X(k) + Xé)) .

4T. ltoh, K. Abe, Hamiltonian-conserving discrete canonical equations based on variational
difference quotients, Journal of Computational Physics 76 (1)(1988) 85-102 14



NODYCON 2021 Sound synthesis results

(a) s = L/10 (b) s =1L/4 (c) &8 =1L/2

Figure: Displacement of the string at the interaction point for differents bowing points.
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NODYCON 2021 Sound synthesis results
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(a) Power balance (M + Pp — Pext) (b) Energies

Figure: Power balance is preserved as it can be seen in the first column which present the
difference signal between the variation of the Hamiltonian and the power damped minus the
power of the sources.
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NODYCON 2021 Sound synthesis results
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Figure: Interaction force as a function of the relative velocity: the stick-slip motion is visible.

01/12/2021



NODYCON 2021 Conclusion

Results
» Generic interaction model (collisions, friction) in the PHS formalism
» Coupling resolution in the PHS model
» Passive-guaranteed numerical simulation

> Self-oscillations emergence depends on several physical and interaction parameters
(bowing point, velocity and force of the bow)

Perspectives

» Application to nonlinear resonators (e.g. string or plates in large deformations)

» Optimisation of numerical schemes and code with an aim for real-time synthesis

01/12/2021 18
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